Abstract. We study the degree of polynomial representations of knots. We give here the lexicographic degree of all knots with eight or fewer crossings. The proof uses the braid theoretical method developed by Orevkov to study real plane curves, isotopies on trigonal curves and explicit parametrizations obtained by perturbing a triple point.
Introduction
Vassiliev proved that every knot in S 3 can be represented as the closure of the image of a polynomial embedding R → R 3 ⊂ S 3 , see [Sh, Va] . The multidegree of a polynomial map γ : R → R n , t → (P i (t)) is the n-tuple (deg(P i )). The lexicographic degree of a knot K is the minimal multidegree, for the lexicographic order, of a polynomial knot whose closure in S 3 is isotopic to K. The unknot has lexicographic degree (−∞, −∞, 1), and one sees easily that the lexicographic degree of any other knot is (a, b, c) with 3 ≤ a < b < c. Given a knot, it is in general a difficult problem to determine its lexicographic degree. In particular, the corresponding diagram might not have the minimal number of crossings.
The two-bridge knots are precisely those with lexicographic degree (3, b, c), see [Cr, KP3, BKP1] . It means that they have a xy-projection which is a trigonal curve.
The aim of this paper is to give the lexicographic degree of the first 26 two-bridge knots with eight or fewer crossings. The constructions use tools previously developed: Orevkov's braid theoretical approach to study real plane curves and the use of real pseudoholomorphic curves ( [BKP2] ), the slide isotopies on trigonal diagrams, namely those that never increase the number of crossings ( [BKP1] ) and explicit parametrizations of knots ([KP1, KP2, KP3, KPR] ).
In addition, we introduce a new reduction R (see Def. 3.3) on trigonal plane curves. In many cases, the use of this reduction allows to subtract three to the number of crossings of the diagram and to the degree b, thanks to a result on real pseudoholomorphic curves (Th. 3.4), deduced from [Or2] . On the other hand we show that we can explicitly give a polynomial curve of bidegree (3, d + 3) from a polynomial curve of degree (3, d) by adding a triple point and perturbing the singularity (Prop. 3.5). We also deduce a sharp upper bound for c (Prop. 4.3).
The extended abstract is organised as follows. In Section 2 we recall some properties of two-bridge knots and their trigonal diagrams. In Section 3, we consider plane trigonal curves and we describe how we obtain a lower bound for the lexicographic degree of pseudoholomorphic curves and therefore for polynomial embeddings. In Section 4, we explain how we obtain our bounds and how we obtain the lexicographic degrees of our 26 first two-bridge knots with eight or fewer crossings.
Trigonal diagrams of two-bridge knots
A two-bridge knot admits a diagram in Conway's open form (or trigonal form). This diagram, denoted by D(m 1 , m 2 , . . . , m k ) where m i ∈ Z, is explained by the following picture (see [Co] , [Mu, p. 187] ). The number of twists is denoted by the These diagrams are also called 3-strand-braid representations, see [KL] .
The two-bridge links are classified by their Schubert fractions [Mu, Theorem 9.3.3] . The integer α is odd for a knot, and even for a two-component link. Definition 2.1. We define the complexity of a trigonal diagram
The alternating diagram D(m 1 , . . . , m k ) has the smallest complexity among the diagrams of C(m 1 , . . . , m k ). It is classical that one can transform any trigonal diagram of a two-bridge knot into its Conway's normal form using the Lagrange isotopies, see [KL] or [Cr, p. 204] :
where m, n are integers, and x, y are sequences of integers (possibly empty), see Figure 4 . These isotopies twist a part of the diagram, and the number of crossings
may increase in intermediate diagrams. In [BKP1] we proved the following: 
Plane trigonal curves
Once we get a simple diagram D(m 1 , . . . , m k ), we first examine its projection |D|. Note that |D| does not depend on the signs of the m i 's.
Definition 3.1. An isotopy on a curve C ⊂ C 2 is called a L-isotopy if it commutes with the projection π :
We make use of the next result ([BKP2, Cor. 3.7 
In [BKP2] , we study the case of trigonal diagrams C(m) and C(m, n) and show that their lexicographic degrees are exactly (3,
+ 1), where N is the crossing number of the knot.
When the trigonal plane diagram is D(m 1 , . . . , m k ), k ≥ 3, then we will try to use the reduction R that decreases the number of crossings. 
Furthermore we obtain polynomial curves with the following: Proof. Let us start with a polynomial curve C : x = P 3 (t), y = Q d (t) that is L-isotopic to the plane diagram D(u, m, n, v), where u, v are (possibly empty) sequences of nonnegative integers and m, n are nonnegative integers. By translation on x, we can suppose that [x = 0] separates the m crossings from the n crossings. We can also suppose that [x = 0] meets C in three points with nonzero y-coordinates. The curve (x, xy) will have the same double points as C and an additional triple point at x = y = 0. We claim that for ε small enough the curve (P 3 (t + ε), P 3 (t) · Q d (t)) will be L-isotopic to either D(u, m + 1, 1, n + 1, v) or D(u, m, 1, 1, 1, n, v), depending on the sign of ε. ✷ 
4.1.
Upper bound with Chebyshev diagrams. Let T n be the classical Chebyshev polynomial T n (cos t) = cos nt. It is known ( [KP2] ) that every knot admits a Chebyshev diagram, that is to say, there exist positive coprime integers a, b and a polynomial C of degree c such that the polynomial embedding (T a , T b , C) is the knot K. It is also shown in [KP3] that K admits a polynomial parametrization (T 3 , T b , C) where deg C +b = 3N . This gives a first upper bound deg C (K) for the lexicographic degree of K.
4.2. Lower bound. We showed in [BKP2] that the lexicographic degree of a knot K is obtained by only considering simple diagrams of K.
It is shown in [BKP1] that two-bridge torus knots C(m) and generalized twist knots C(m, n) admit only one simple diagram. For this diagram we have an explicit polynomial embedding of degree (3, Once we get a simple diagram, we reduce it by using the R transformation. We thus deduce lower bounds for b.
4.3.
Upper bound for the height. Suppose now that we get a simple diagram D(m 1 , . . . , m k ) (with no islet) of K, and that there exists a plane curve of bidegree (3, b) that is L-isotopic to D, then we use the following properties: Definition 4.2. Let D(K) be the diagram of a knot K having crossing points corresponding to the parameters t 1 , . . . , t 2m . The Gauss sequence of D is defined by g k = 1 if t k corresponds to an overpass and g k = −1 if the t k is an underpass. Proof. The proof is analogous to the proof of [KP3, Prop. 2.5 & Th. 5.2] . ✷ This gives an upper bound for the height function, by considering a polynomial with c prescribed sign changes.
Suppose now that D(m 1 , . . . , m k ) is an alternating diagram of K. The number of sign changes in D is exactly 2N − 1 and we proved in [BKP2, Th. 4.3] that if (P 3 , P N +1 , P c ) is a polynomial curve of degree (3, N + 1, c) that is isotopic to D then c ≥ 2N + 1.
4.4. Adding three crossings. We use Proposition 3.5 and show here how we obtain the knots 6 2 = C(2, 1, 3) and 6 3 = C(2, 1, 1, 2) from the plane diagram D(3).
We start with a polynomial parametrization of the trefoil D(1, 1, 1) ∼ D(3). It is (T 3 (t), T 4 (t)). We choose to add a triple point in (−3/4, 0) by considering the curve x = T 3 (t), y = Q 7 (t) where Q 7 (t) = (T 3 (t) + 3/4) · (T 4 (t) + 1). The curve in
Figure 6. Adding three crossings to the trefoil
We obtain the other constructions only using • The degree of D(0, 1, 1, 0) is (3, 5). An explicit parametrization is given for example by (t 3 − 3t, t 5 − 4t 3 + 4t) (see Figure 7) . Suppose that there exists a polynomial embedding of degree (3, 4). A line joining the two crossings of the curve will cross the diagram at a fifth point, which is impossible.
• The degree of D(0, 2) or D(2, 0) is (3, 4). An explicit parametrization is given for example by (t 3 − 3t, t 4 − 2t 2 − 2t − 2). (see Figure 7 ).
• The diagrams D(1) is obtained for (T 3 , T 2 ); more generally, the diagrams D(2n + 1) are obtained for (T 3 , P 3n+1 ), where deg P 3n+1 = 3n + 1, see [KP1] .
• The degree of D(0, 1, 3) is at least (3, 7). Table. In the table, we list all two-bridge knots with their Schubert fraction. On the third column we give the degree deg C (K) we obtain for Chebyshev diagrams, on the fourth column we list all simple diagrams with m C (K) or fewer crossings. On the fifth column is the degree obtained by using the reduction R. The lexicographic In most cases we obtain the lexicographic degree by considering the Chebyshev diagrams of K. We knew this fact for torus knots and generalized twist knots in [BKP2] . In the case of 6 2 , 7 4 , 7 6 , the lexicographic degree is better.
In the case of 8 4 , 8 7 , 8 11 and 8 14 the lexicographic order is (3, 10, c) and is better than the degree we obtain for Chebyshev diagrams. For these knots we do not know if c = 11 or c = 14.
